We study the fractal geometry of O(n) loop configurations in two dimensions by means of scaling and a Monte Carlo method, and compare the results with predictions based on the Coulomb gas technique. The Monte Carlo algorithm is applicable to models with noninteger n and uses local updates. Although these updates typically lead to nonlocal modifications of loop connectivities, the number of operations required per update is only of order 1. The Monte Carlo algorithm is applied to the honeycomb O(n) model for several values of n, including noninteger ones. We thus determine scaling exponents that describe the fractal nature of O(n) loops at criticality. The results of the numerical analysis agree with the theoretical predictions.
where the spins are normalized such that s k · s k = n. This model includes as special cases the Ising, the XY and the Heisenberg model, for n = 1, 2 and 3, respectively.
In the high-temperature limit, the bond weight w( s i · s j ) reduces in first order to (1 + x s i · s j ), with x = J /(k B T ). Thus, in this limit, the partition function of the model (1) takes the form
This expression still satisfies the O(n) symmetry implied by equation (1) . Apart from a high-T approximation for model (1) , equation (3) can be interpreted as the exact partition integral of an O(n) symmetric model with reduced pair potential − ln(1 + x s i · s j ).
According to the universality hypothesis, the universality class of a phase transition is determined by only very few parameters including the dimensionality of the model, and the range and the symmetry of the spin-spin interactions. It is thus reasonable to expect [2] that the reduced Hamiltonian that corresponds with equation (3), namely H = − i,j ln(1 + x s i · s j ) with x = J /(k B T ) not necessarily small, still belongs to that of equation (1), i.e., the O(n) universality class in two dimensions. Indeed the results for the model (3) for n = 2 appear to agree with the theory of Kosterlitz and Thouless [3] for the XY model. One may note here that first-order transitions are possible in models with O(2) symmetry [4] , but only in the case of rather extreme deviations from equation (1) .
The O(n) model (3) on the honeycomb lattice can be mapped onto the O(n) loop model [5] on the same lattice, with a partition sum
where the graph G covers N b bonds of the lattice, and consists of N l closed, non-intersecting loops. The sum is on all such graphs. In the language of the O(n) loop model, x is the weight of a bond visited by a loop, and n is the loop weight. The exact equivalence shows that equation (4) belongs to the same universality class as equation (3) . Note however that n is no longer restricted to be an integer in equation (4) . The research of O(n) models is a subject of a considerable history, in which a prominent place is occupied by the exact results [2] for the O(n) loop model on the honeycomb lattice. These results include the critical points for −2 n 2, and the temperature and the magnetic exponent.
Also the geometric description of fluctuations at and near criticality has a long history, which goes back to the formulation of phase transitions in terms of the droplet model [6] . For the q-state Potts model (for a review, see [7] ), it was found that the fractal dimension of Kasteleyn-Fortuin (KF) clusters [8] is equal to the magnetic scaling exponent y h . More generally, geometric Potts clusters can be defined by connecting neighbouring, equal Potts spins by a bond percolation process. Several new critical exponents were found by Coulomb gas and other methods [9] [10] [11] [12] . These exponents describe the geometric properties and the renormalization flow of this model.
The fractal dimension d l of loops in the critical O(n) loop gas can be obtained in various ways. Without direct reference to the Coulomb gas, it is still possible to obtain a clue from the relation [12, 13] between the exponents describing random clusters of the tricritical Potts model, and those describing Potts clusters in the critical Potts model. From the equivalence of the critical O(n) model and the tricritical q = n 2 -state Potts model [2] , one can thus associate the fractal dimension d l of the critical O(n) loop gas with the hull fractal dimension of critical Potts clusters. The latter dimension was conjectured by Vanderzande [14] . However, the known correspondence of the O(n) model with the Coulomb gas [15] provides the same result for d l in a more direct way.
In the present paper, we focus on d l as the fundamental non-thermodynamic scaling dimension behind some geometric properties of O(n) loop configurations. We relate d l to some exponents describing such properties. These exponents are exact.
While theoretical predictions are available, thus far there is no numerical evidence in support of these, except for the Ising case n = 1 or q = 2 [13] . One of the reasons behind this situation may be that the Boltzmann weights in the O(n) partition sum depend, at least for n = 1, on the number of loops. The nonlocal character of these loops renders the O(n) loop models somewhat difficult to handle by Monte Carlo simulations. Nevertheless, such algorithms have been constructed [18, 19] . One may propose a local Monte Carlo move and construct a valid acceptance probability from the condition of detailed balance, while taking into account the change of the number of loops and their total length due to this move. While the determination of the change of length is a local task, the determination of the change of the number of loops is not, and for a critical O(n) model it requires a number of operations that increase algebraically with the system size L. Critical slowing down can make this situation even worse, so that this way of simulation is restricted to rather small system sizes.
Until now, a sufficiently efficient Monte Carlo algorithm for the O(n) loop model has not been described. Therefore, in this work, we develop a new Monte Carlo algorithm, which is applicable to models with noninteger n > 1 and uses local updates. Although these updates typically lead to nonlocal modifications of the loop connectivities, the number of operations required per update is only of order 1, and essentially independent of the system size.
We then apply the algorithm to the critical O(n) loop model and determine exponents of some geometric observables. The results agree with the theoretical predictions.
The outline of the rest of this paper is as follows. In section 2 we show how a fundamental non-thermodynamic scaling dimension behind some geometric properties of O(n) loops can be derived exactly from a mapping onto the Coulomb gas, and how it relates to exponents describing some geometric observables. Section 3 introduces the Monte Carlo algorithm. In section 4 we apply the algorithm to the critical O(n) loop model and determine exponents of some geometric observables.
Coulomb gas derivation and scaling formulae
It is well known that geometric and fractal properties of O(n) loops and various types of critical clusters can be analysed by means of a mapping onto the Coulomb gas [15, 20] . A number of exact scaling dimensions were obtained by this technique, see e.g., [11, [15] [16] [17] 21] . Here we base ourselves on these analyses, which rely on a reformulation of correlation functions g(r) in the model of interest in terms of the Coulomb gas. The dimensions X(e, m) associated with such correlation functions are described by pairs of electric and magnetic charges, (e 0 , e r ) and (m 0 , m r ), separated by a distance r:
where g is the coupling constant of the Coulomb gas. For the critical O(n) model it is given by
where we use a normalization that is in agreement with a part of the earlier literature, but different from that used in [15] (our g is four times smaller, and the charges differ by a factor 2 such that the X(e, m) are the same).
Let us now consider the correlation function at criticality describing the probability that two lattice edges separated by a distance r are parts of the same loop. It decays with an exponent 2X l , where X l is the O(n) loop scaling dimension. The exponent X l is described by a pair of magnetic charges m 0 = −m r = 1 and a pair of electric charges e 0 = e r = 1 − g. This leads to
This dimension X l is the renormalization exponent behind geometrical and fractal properties of O(n) loops, just as the renormalization exponents X t and X h determine the thermodynamic singularities. The dimension X l is equivalent with the hull exponent of percolation clusters [16] , which involves the same magnetic and electric charges as a function of g. In another application of the Coulomb gas technique we can explore corrections to scaling associated [11] with the exponent X 2l that describes the decay of the probability that two O(n) loops collide in two points separated by a distance r. The value of this exponent is determined by electric charges as above and magnetic charges m 0 = −m r = 2:
This exponent becomes marginal at n = 2 and is thus expected to lead to poor convergence of finite-size data near n = 2. The physical relevance of X l can be demonstrated by means of scaling arguments. The probability g l (r) that two points at a distance r lie on the same loop is, as given above, g l (r) ar −2X l . Let, at criticality, the fractal dimension of the loops be d l . Thus, under a rescaling by a factor b, the length l of the loop decreases by a factor b d l , and its density increases by a factor b 2−d l . This determines the correlation in the rescaled system as g l (r/b) ab 4−2d l r −2X l which is, as specified above, to be compared with g l (r/b) ab 2X l r −2X l . It thus follows that the fractal dimension of loops is
Let P l (l) be the density of loops of length l. It is natural that, at criticality, P l (l) depends algebraically on l, with an exponent denoted as p l :
Under a rescaling by a linear factor b, the loop density is affected for two reasons: first, the loops decrease in length by a factor b d l = b 2−X l , and second, the density increases by a factor b 2 because the volume is reduced. Consistency requires that
Matching the exponents shows that
The linear size of the largest loops (the diameter of the box where they fit in) is naturally associated with the correlation length. Thus, scaling implies that the divergence of the expectation value of the linear size of the largest loop goes as
when the critical point is approached, and the actual length l max (x), as expressed in lattice edges, behaves as a power 2 − X l of the linear size, it follows that the largest loop length diverges as
For L → ∞ and x > x c , there exists an infinite spanning loop. Under a rescaling by a linear scale factor b its density increases by a factor b X l while, as usual, the temperature field 
−1/y t leads to a constant on the left-hand side of this equation, and after substitution on the right-hand side, the scaling behaviour follows as
The finite-size dependence of the similar fraction s l (L) of a system with the finite size L at criticality, which is the fraction of the edges covered by the largest loop, can simply be found by rescaling the system to a given size, say 1. This leads to
Including a correction to scaling, we may modify this into
where y i = 2 − X 2l is a candidate for the leading correction exponent [11] and a and b are unknown amplitudes.
In analogy with magnetic systems, a susceptibility-like quantity χ l can be defined on the basis of the distribution of the loop sizes as
According to the aforementioned scaling behaviour, the largest loop in a critical system of finite size L has a length scale
Substitution of
with y i as mentioned above, and c and d are unknown constants.
Another correlation function of interest describes the probability that two sites on the dual triangular lattice separated by a distance r sit inside the same loop (i.e., not separated by any loop of the model). The exponent X a describing the decay of this function at criticality was derived by Duplantier and Saleur [17] as X a = 1 − g/2 − 3/(8g). The fractal dimension of the interior of O(n) loops is therefore d a = 2 − X a = 1 + g/2 + 3/(8g). The area inside a loop does not include the area inside loops enclosed by that loop. The exponent X a thus also determines the finite-size scaling of the spanning loop. We are therefore interested in the fraction s a of the dual lattice sites that sit inside the largest loop. Scaling indicates that this quantity is subject to the following finite-size behaviour:
We furthermore define another susceptibility-like quantity χ a on the basis of the distribution P a (a) of the area a (expressed in the number of enclosed sites of the dual lattice) of the interior of the loops as
which is expected to scale as 
Monte Carlo algorithm
In the existing Monte Carlo algorithm for the loop model the local updates require timeconsuming nonlocal operations as explained above, somewhat analogous to the nonlocal operations described by Sweeny for the Monte Carlo simulation of the random-cluster model [22] . To get rid of these nonlocal operations we adopt the following procedure.
As a first step of such an algorithm for the simulation of the O(n) loop model on the honeycomb lattice, we represent the loop configuration by means of Ising spins on the dual lattice, which is triangular. The loops are just the interfaces between neighbouring spins of a different sign. We restrict ourselves to systems with periodic boundary conditions, so that the interfaces indeed form a system of closed, nonintersecting loops on the honeycomb lattice. This is illustrated in figure 1 using a loop configuration which consists of 2 loops and 16 bonds, shown as bold lines. This graph contributes a weight x 16 n 2 to the partition function. The loops can of course be represented by two opposite Ising spin configuration, but this degeneracy has no further consequences for our line of argument.
We now show how one can update the loop configuration by means of local Metropolistype updates of the dual Ising spins representing the loop configuration. It works only for n 1. The essential element of this approach is that, given a loop decomposition, colour variables (for instance, binary variables) are assigned to the loops. The weights of the colours add up to n. Summation on the colour variables thus reproduces the O(n) partition sum. One of the weights is chosen equal to 1, so that any change of the number of loops of the corresponding colour does not change the weight associated with those loops. Thus the transition probabilities of a Monte Carlo move that does not affect the loops of the other colour depend only on the change of the number of edges covered by the loop configuration. Since each loop segment corresponds with a pair of antiparallel dual spins, the bond weight x simply relates to the Ising coupling K.
One unit of importance sampling is realized by the following operations, which are to be repeated cyclically:
(i) For each loop, assign its colour to be either 'green' with probability 1/n or 'red' with the remaining probability 1 − 1/n. A Monte Carlo run consists of many of these cycles, each of which thus includes n s Metropolislike sweeps, new random assignments of loop colours and the data sampling procedure. In spite of the nonlocal nature of the O(n) loop model, the number of operations per cycle with n s Metropolis-like sweeps is of order n s L 2 , just as for local updates for models with local interactions. The introduction of loop colours preserves their total weight, and the Ising flips, which are the only steps that change the loop configuration, satisfy the conditions of detailed balance. Therefore, the algorithm should indeed generate configurations in accordance with Boltzmann statistics. Tests confirm that the simulation results agree with those of the existing algorithm [19] . Since this algorithm assigns colours to the loops, we refer to it as 'colouring algorithm'.
Simulation
With the help of the algorithm described above, we simulated the O(n) model on the honeycomb lattice at the exactly known [2] critical points x c = (2 + (2 − n) 1/2 ) −1/2 in order to check the theoretical predictions described in section 2.
We first applied our algorithm to the case n = 1.5, using 12 system sizes in the range 8 L 128, where L is the linear size of the dual triangular lattice, and periodic boundary conditions. For each system size, a run was executed with a length of 4 × 10 7 Monte Carlo cycles after equilibration of the system. Each cycle included n s = 5 sweeps and loop formation steps, and one sampling as described above. Statistical errors were estimated by means of binning in 2000 partial results.
The data sampling included the density P l (l) of loops of length l. The results for the system of size L = 128 are shown in figure 2. It displays a substantial interval of algebraic decay, as described by equation (10) .
The fractions s l and s a , and the susceptibility-like quantities χ l and χ a were also sampled. The finite-size dependence of these quantities at criticality is shown in table 1. These quantities are well described by power laws as a function of the lattice size L for sufficiently large L. This is just as expected on the basis of finite-size scaling as expressed by equations (14), (18), (20) and (22) . This behaviour is illustrated in figures 3-6. Using the nonlinear Levenberg-Marquardt least-squares algorithm, we fitted for the exponents and amplitudes according to the finite-size-scaling formulae including correction terms, as given in equations (15), (19) . Thus we can numerically determine X l , X a , and thereby the fractal dimension d l of the largest loop, and the fractal dimension d a of interior of the largest loop. Comparing the residual χ 2 of the fits with the number of degrees of freedom, we find satisfactory fits including all system sizes L 8. We obtain X l = 0.593(2) from the fit of s l (L) and X l = 0.595(2) from the fit of χ(L). These results are consistent with the theoretical value X l ≈ 0.593 513 601. The fit of s a (L) yields X a = 0.080 (1) . From the fit of χ a (L), we obtain 2 − 2X a = 1.84(1), or X a = 0.080(5). These results agree well with the theoretical prediction X a ≈ 0.080 108 5234.
In these fits, the correction-to-scaling exponent y i was left free. The fits suggest that the exponent of the dominant correction to scaling does not assume the expected value 2 − X 2l = −0. s a , and the susceptibility-like quantities χ l , χ a were sampled for several system sizes. The results are shown in table 2. Least-squares fit results agree well with the theoretical prediction, as listed in table 6. For the O(1) model, only the data for χ l allowed a reasonably accurate estimate of the leading correction-to-scaling exponent. In this case, we find y i = −0.628(7), (25) in a good agreement with the expected value 2 − X 2l = −0.625. We thus have fixed y i at this value in the other fits. Furthermore, we performed similar simulations of the O(n) models with n = √ 2, n = √ 3 and n = 2 at their critical points as given in [2] . The fractions s l and s a , and the susceptibilitylike quantities χ l , χ a were sampled for several system sizes. The results are shown in tables 3-5. Also these quantities appear to depend algebraically on the system size L, in agreement with the finite-size scaling equations (14), (18), (20) and (22) .
Using a similar procedure as described above, we determined the exponents X l and X a . The results are summarized in table 6.
Discussion
The time-consuming character of simulations of loop models is, at least in part, due to the nonlocal character of the loops. We have reduced this problem by splitting the loop weight n in two parts, namely n − 1 and 1. Proper summation over both contributions is done by assigning colour variables to the loops; a sum on all colour variables is included in the partition sum. The algorithm treats these colour variables as dynamical variables which are updated by the Monte Carlo process. The idea to use an additional colour variable for each loop was already used in a context unrelated to Monte Carlo methods, e.g. in [23] . An algorithm described by
Chayes and Machta for the simulation of the random-cluster model [24] uses the similar idea to assign colour variables to random clusters. The presence of loops of weight 1 in a loop configuration then leads, at least locally, to a system that behaves precisely as an Ising configuration. Thus, the system may be locally updated by means of Metropolis-like Monte Carlo steps. Care should be taken to leave the loops of weight n − 1 unchanged, because it would violate the condition of detailed balance. The procedure given in section 3 satisfies this constraint.
The development of this colouring algorithm was motivated by the possibility of further exploring the physics of O(n) models. In the course of this work, we realized that it should be possible to construct an even more efficient algorithm of a 'cluster' nature, in analogy with the algorithms described by Swendsen and Wang [22] and by Wolff [26] . Algorithms of this type will be presented elsewhere [27] . The 'colouring' trick is only useful for n > 1. For 0 < n < 1, the existing algorithm [18, 19] is, although relatively inefficient, still applicable.
For the interpretation of the simulation results, it is relevant that we are using periodic boundary conditions, and that the mapping between loop and Ising configurations imposes a condition of 'evenness' on the loop configurations: a path spanning the periodic boundaries must have an even number of intersections with a loop. Therefore, the statistical ensemble generated by the algorithm does not coincide with that of equation (4) . The difference is related to the boundary conditions and is expected to modify the finite-size behaviour, but should vanish in the thermodynamic limit.
The present work is restricted to the 'even' loop configurations. It is, however, possible to simulate 'odd' loop configurations by introducing a 'seam' on the dual lattice, a vertical column of horizontal antiferromagnetic Ising bonds spanning the system. For these antiferromagnetic bonds, we use the rule that there is a loop segment if and only if the two associated dual spins are of the same sign. Horizontal and vertical seams can be introduced independently, as prescribed by the class of loop configurations that is to be sampled.
